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Abstract. The mathematical modeling of ecological phenommag describe time evolution and spatial
distribution being capable to explain some impdrtdraracteristics of ecological systems. Althouugrée
are many difficulties related to the system desionp their modeling may define at least a system
caricature, which may be useful for different godlkis contribution deals with the modeling of the
global warming in a nonlinear dynamics point of wieMathematical modeling is based on the
daisyworld that is able to describe the global laigon that can emerge from the interaction betwéen
and environment. In brief, daisyworld represents by daisy populations while the environment is
represented by temperature. Here, two daisy papoktre of concern, black and white daisies, and a
extra variable related to greenhouse gases ispocated in the model allowing the analysis of thabgl
warming. Moreover, transient analysis of temperatavolution is of concern. Climate variability is
represented by a sinusoidal variation of the lumsiityo Numerical simulations are investigated inesrtb
present a qualitative description of the phenomeraaisyworld dynamics presents a rich behavior
including chaos.
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I ntroduction

Global warming is a specific case of the more garterm climate change. Although
climate change can be related to either naturantinropogenic causes, it is usually
associated with human activities. In general, itniportant to establish a difference
between climate change and climate variabilitym@lie change is related to permanent
changes while climate variability denotes deviation climate conditions over a period
of time due to natural phenomena (WMO, 2010).

The mechanism of the Earth’s heating is relateth&o energy balance where the
main aspects are the radiation energy from the (short waves) and the thermal
radiation from the Earth that is radiated out te $ipace (long waves). The atmosphere
plays an essential role in this process and thsepe of greenhouse gases tends to
change this balance since they are transparehetsun short wave radiation, however,
they absorb some of the longer infrared radiatimitted from the Earth. Therefore, the
increase amounts of these gases in the atmosmmetéd cause the increase of Earth’s
temperature. In this regard, the primary cause lobad warming is the release of
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greenhouse gases, leading to the increase of tballed greenhouse effect (Houghton,
2005).

There are numerous modeling efforts trying to aralgither climate change or
climate variability and their effects on the Earth. general, one can establish the
following classification (Alexiadis, 2007); genermtculation models (GCMs); model-
based methods (MBMs) or empirical models; planeligamics models (PDMs).
Moreover, we can highlight the existence of modaidt upon time series analysis
(Viola et al, 2010). GCMs consider physical aspects of systgmamics including
conservation of physical variables. MBMs use somw®idcal observations and/or
statistical tools from experimental time series #@metefore, do not deal with system’s
physics directly. PDM are based on a simplifiedcdesion of the system dynamics and
falls between the previous two categories. Timéeseginalysis tries to build a model
from experimental data.

The mathematical modeling of ecological phenomea®m dn increasing importance
in recent years (Jorgensen, 199ayvi, 2005, 2006). These models may describe time
evolution and spatial distribution being able tplein some important characteristics of
ecological systems. The mathematical analysis fo#ing the possibility that many of
these phenomena may have their roots in some yimedynamical effect. Although
there are many difficulties related to the systascdiption, their modeling may define
at least a system caricature, which may be usefudifferent goals.

Gaia theory of the Earth establishes the self-edgui of the planetary system being
originally proposed by James Lovelock, in 1972. @ihesyworld is an archetypal model
of the Gaia theory representing a mathematical rgggn of this idea (Watson &
Lovelock, 1983). This model is able to describe dghabal regulation that can emerge
from the interaction between life and environm&wdisyworld represents life by daisy
populations while the environment is representedtdyperature (Lovelock, 1992;
Lenton & Lovelock, 2000, 2001). Wood (2008) presena general overview about the
literature associated with daisyworld emphasizisgnain characteristics and different
approaches for its analysis.

Darwinian characteristics of the daisyworld wereeistigated in different references.
Robertson & Robinson (1998) analyzed the changeptimal temperature of the daisy
populations by considering that environmental cbod$s are unchanged. Lenton &
Lovelock (2000) incorporated the environmental gemin the analysis. Sugimoto
(2002) discussed mathematical solutions of these daisyworld models. Cohen &
Rich (2000) treated some daisy competition aspiectee daisyworld, evaluating the
temperature changes. Acklared al. (2003) discussed catastrophic alterations of the
daisyworld. Spatiotemporal aspects of the daisydvarére treated in some references
as Adamset al (2003) that investigated a one-dimensional madethe daisyworld
evaluating heat exchanges.

One of the main characteristics of the daisywaslthe capability to describe either
local or global phenomena. Local analysis can beedby considering the solar
luminosity of some part of the planet, representtaggeneral evolution through time.
On the other hand, global analysis represents arage behavior of the whole planet.
In this regard, time scale may be related from m®nd thousands of years. Therefore,
it is possible to treat either season variationsugh year or climate variability through
millenniums. Staley (2002) and Charls@t al. (1987) discussed the differences
between the local and global effects in which tlebal effect is essentially related to
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local effects. Wood (2008) established that daisjdvoontains a fixed relationship
between local benefit and global regulation.

Wood et al. (2010) treated daisy and trees in the daisywdtth populations have
independent growth in the same environment. Sal&zBoveda (2009) incorporated
clouds and hydrological cycle in the regulatiorited daisyworld.

Concerning the dynamical behavior of the daisywafkehget al. (1990) presents an
investigation about chaos considering a discretsime. Nevertheless, the proposed
discrete version is actually, different from thextouous daisyworld model, as pointed
by Jascourt & Raymond (1992). Wood (2008) discussmede aspects of the chaos in
the daisyworld, showing some simulations reportediterature, pointing that it is a
controversial subject.

This contribution deals with the modeling of thelghl warming in a nonlinear
dynamic point of view. We are essentially interdsie a qualitative description of the
phenomenon. Mathematical model is based on thsictslaisyworld incorporating an
extra variable related to greenhouse gases. Iif, liagsyworld represents life by two
daisy populations (black and white) while the eowment is represented by
temperature. Besides, energy equation is consideredder to investigate transients
phenomena related to temperature variation. Clinvargability is represented by a
sinusoidal variation of the luminosity. Numericahslations are carried out in order to
present a qualitative description of the global miag. Daisyworld presents a rich
dynamical behavior and this paper is particulanieiested in complex responses. In
this regard, this contribution has two main goealsted to a qualitatively investigation
of the daisyworld: to incorporate greenhouse gasdbe analysis; to investigate the
possibility of chaotic behavior.

This article is organized as follows: after thisramluction, a discussion about the
daisyworld mathematical model is presented. Thamnarical simulation of the
classical daisyworld is performed. Afterward, th#eet of greenhouse gases is
investigated. The influence of climate variabiigythen analyzed. Under this condition,
a complex dynamical behavior emerges and a deepstigation is carried out.
Basically, we are especially interested in the tbaoehavior of the daisyworld and
therefore, we present an investigation involvinglm®ar tools as bifurcation diagrams
and Lyapunov exponents. Finally, concluding remairespresented.

Daisyworld model

Climate system has an inherent complexity due fterént kinds of phenomena
involved. The equilibrium of this system is a capsence of different aspects related to
the atmosphere, oceans, biosphere and many otmetshe sun activity provides the
driving force of the system. The Earth’s heatingchaism may be understood as the
balance between the radiation energy from the suhtlae thermal radiation from the
Earth and the atmosphere that is radiated oute®place. The presence of greenhouse
gases tends to change this balance since theyaargpérent to the sun short wave
radiation, however, they absorb some of the lomgfeared radiation emitted from the
Earth. Therefore, the increase amounts of thesesgaake the Earth cool more difficult
increasing the Earth’s surface temperature.

Watson & Lovelock (1983) proposed a model to derrates that global regulation
can emerge from the interaction between life andrenment. This archetypal model
was called daisyworld representing an imaginarnngtigpopulated by organisms in
coexistence. The daisyworld is basically compodetth® environment, represented by
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the temperature, and of daisy populations, repteggiife. The original daisyworld
includes only two populations of daisies but furtirevestigations include herbivores
and carnivores as well as colored daisies (Lovelb8R?2).

The first step of the daisyworld modeling is thdirldon of biotic components of
dynamical system, represented by daisies, whichugwgno is described by the following
general equation wherex,(i=12..N Yepresents the area coverage by daisy
populations:

d =ala,BT) -yl (Eq.1)

where dot represents time derivativ8= (T, represents the growth rate that is

temperature dependent apds the death rate. Daisy colors define the amotiehergy
absorption and the balance between daisy popugationtrols the planet temperature.
A first approach to this archetypal model is to sidar only two daisy populations:
black, ay,, and white ay,. Black daisies absorb more energy while whiteidaiabsorb
less energy.

The functional form forg; is usually assumed to be a symmetric single-peaked

function as follows:
(To t _Ti jz
B1-|-2 L
B(T)= k

0 otherwise

Ton =T <K (Eq.2)

whereT,p is the optimal temperature, usually considereti,gs= 295 K= 22.5°C.
The parabolic widthk is chosen in order to establish proper life caodg as for
example, between°® and 40C (De Gregorioet al, 1992), which is related to
k=175. In the same wayB alters these values in order to represent differen
environmental characteristics.

The greenhouse effect can be understood as a ideviedm the blackbody radiation
in the equation of the planetary temperature (Nevet al, 1999). Here, the effect of
greenhouse gases is incorporated in the daisyworididering a new state variable that
affects global dynamics in two distinct forms: ieasing the albedo and land
occupation. In this regard, variali&limits the life of the daisy populations and affect
the daisyworld’s albedo in a similar way of thedialaisies. Under this assumption, it
is possible to define this variable as a known tgaees related to greenhouse gases:

G=G(t) (Eq.3)

This time series can be measured, being the coarequof the balance between the
emission of gases and the nature absorption.
The variableny is the fractional area coverage of the planetasgmted by:

N
a, = p—Z:ai -G (Eq.4)
i=1

Here, p represents the proportion of land suitable for gh@wth of daisies andl
represents the biodiversity related to the numbeopulations involved in the system.
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The mean planetary albedo of the daisyword, can be estimated from the
individual albedo of each populatioa for daisiesgay for the bare ground arag due to
greenhouse gases effect):

N
A=aa, +) aa +Gag (Eq.5)

i=1

Afterwards, the local temperature of each poputeisodefined as follows:

T'=q(A-a)+T* (Eq.6)
T =q(a-a,)+T* (Eq.7)
Te =q(A-a)+T* (EQ.8)

whereT is the globally-averaged temperature of the damsidly andq is a constant
used to calculate local temperature as a functiabedo (Watson & Lovelock, 1983).
Finally, it is important to establish the thermaldnce of the daisyworld (Foong, 2006),
and therefore, the absorbed energy is given byiddaet al, 1999):

' :%[SL(l— A)-oT’] (Eq.9)

L is the solar luminosity an8lis the solar constant that establishes the avesaige
energy,SL; o is the Stefan-Boltzmann constawtjs a measure of the average heat
capacity or thermal inertia of the planet. This a&on induces oscillations either in
temperature or daisy populations. Therefore, tHamitien of the value of the constant
is responsible for the kind of response defining a&mplitude and frequency of these
oscillations (Nevisort al, 1999).

A key difference between climate change and climat@bility is the persistence of
anomalous conditions. In order to investigate tffece of climate variability in the
daisyworld, it is assumed a solar luminosity witkiausoidal variation represented as
follows:

L=L +L,sin(at) (EQ.10)

Note that L =L(t) and the termy,sin(t )represents a perturbation that is

associated with climate variability.

The daisyworld model can be simulated using clasgicocedures for numerical
integration. Here, the fourth order Runge-Kutta hodt is employed. In general, the
following parameters are assumed for numerical kitiuns: q = 2.06 x 1K* o=
5.67 x 10° W/m? K% S =917 W/m?. Other parameters are varied in order to analyze
different system conditions. Moreover, it is im@nt to highlight that only black and
white daisy populations are considered, which mélaaiN = 2.
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Classical dailyworld

This section investigates the dynamics of the dasll in order to establish a
proper comprehension of the planetary self-reguiatiClassical daisyworld is of
concern and therefore, greenhouse gases and cliraasbility are not treated in this
section. Parameters used in this simulatioragre 0.75,a, = 0.25,a5 = 0.5,a¢ = 0.25,

G =0,y =0.3,B = 1 and the initial conditions,, = a, = 0.01. All simulation employs
time steps smaller than 0.01.

Initially, constant luminosity is of concern assuagithe classical situation with=
0. The daisyworld has self-regulation due to théeraction between life and
environment, respectively represented by daisy [adpns and the daisyworld
temperature. Therefore, the planetary system témasaintain a constant temperature
adequate for life due to the interaction betweeaclhlnd white daisy populations. The
increase of the black daisies tends to increas@ldreet temperature since they absorb
more energy, and the opposite occurs concerningevadaisies. Hence, the population
growth is in such a way that temperature remaimstamt in a favorable value as shown
in Figure 1 This result is the classical result obtained he tarlier cited papers
(Watson & Lovelock, 1983; Lovelock, 1988).

Afterwards, the influence of thermal inertia is @stigated. Basically, two different
values of parameter are of concern: 300 and 3000 #ms. Figures 2-3show the
system response for these situations. Note thaeé tisean oscillatory behavior from
daisy populations that causes temperature osoilaihese oscillations occur around a
mean value obtained when= 0 but may reach large amplitudes. In some cdkes,
minimum values of these oscillations reach crititetels near to the population
extinction.
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Figure 1. Daisyworld response with constant solar Iumino$Ey21, Lo =0) and ¢ = 0. Daisy
population (left) and the temperature (right)
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Figure 2. Daisyworld response with constant solar Iumino$Ey21, L, =0) and c = 300
JInfK s. Daisy population (left) and the temperatuiigfft)
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Figure 3. Daisyworld response with constant solar Iumino(sEy=1, Lo = 0) and ¢ = 3000
J/ntK s. Daisy population (left) and the temperaturigft)

A linear increase of the solar luminosity (0Z5- < 1.7; LO = 0) is now in focus
representing a more realistic representation ofstilar activity. Under this condition,
the daisyworld temperature would tend to increaseally, following the luminosity
increase. Nevertheless, the self-regulation ofitisyworld tends to maintain a constant
temperature due to the interaction between blaak ahite daisy populations. Once
again, the increase of the black daisies tendsdmease the planet temperature since
they absorb more energy. This occurs when the saainosity has small values. The
increase in solar luminosity causes the decreasigedblack daisies population and the
increase of the white daises. This balance is seted by a tendency of constant
values of temperaturéigure 4 shows the evolution of the daisy populations drel t
temperature for ¢ = 0. It is clear that, when thmihosity has small values, black
daisies are preponderant. The more luminosity asae, the more white daisies
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increase Figure 4balso establishes a comparison between temperauaiation for
dead planet (without life, or daisies) and the ptawith life (with daisies).
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Figure 4. Daisyworld response with linear increase solar Inasity (0.75< L < 1.7; L=0) and
c=0

The influence of the planet thermal inertia is naviocus by assuming two different
values of parametar. 300 Figure 5 and 3000 Figure 6 J/nfK s. Once again, the
increase of the thermal inertia tends to promowllasory variations of all involved
variables and it should be highlighted a propeahet between both populations and
the temperature.
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Figure 5. Daisyworld response with linear increase solar Inosity (0.75< L <1.7; L, = 0)
and ¢ = 300 J/K s. Daisy population (left) and the temperaturigtft)
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Figure 6. Daisyworld response with linear increase solar Inosity (0.75< L <1.7; L, = 0)
and ¢ = 3000 J/AK s. Daisy population (left) and the temperaturigf{t)

Daisyworld with greenhouse gases

This section discusses the effect of greenhousesgasthe daisyworld dynamics.
Basically, it is assumed that these gases are knwmeumg related to a time series.
Experimental values are used as a reference tadateaze the general tendency of
these gases. In this regard, £&fOncentration from 1980 to 2010 is used to esgnlas
general tendency (NOAA, 2011) arklgure 7 presents the average of the annual
concentration and thé function. Both curves present a linear increash Wie same
slope, establishing the same qualitative behaamerical simulations are performed
assuming time steps smaller than 0.01. The bas& @ this section is to establish a
comparison with results of the preceding secti@t tto not consider greenhouse gases.
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Figure 7. Annual average of the G@oncentration based on NOAA (2011)

Initially, luminosity with linear increase is treat (0.75< L < 1.7; Lo = 0).
Parameters used in this simulation are the same tine previous section, except for the
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greenhouse gases varialife Figure 8 presents results of the daisyworld response
showing the same behavior of the previous casdjowit greenhouse gases. It is
important to observe that the increase of the dagyg temperature promoted by
greenhouse gases tends to cause an earlier deddispipopulations when compared to
the planet without gases. This Figure also presgmismparison between the dead and
the live planets showing how life interaction prdesthe self-regulation of the planet.
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Figure 8. Daisyworld response with linear increase solar Inosity (0.75< L <1.7; Lo = 0),
greenhouse gases variable (@ <0.8) andc =0

The forthcoming analysis considers the influencehaf planet thermal inertia by
assuming linear increase of the solar luminosity§& L < 1.7;L, = 0). Figures 9-10
show the system behavior for different values afpeeterc: 300 (Figure 9) and 3000
(Figure 10 J/nfK s. Once again, note that there is a proper baldmeween both
populations and the thermal inertia tends to cars®scillatory response around the
constant equilibrium temperature.
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Figure 9. Daisyworld response with linear increase solar Inasity (0.75< L <1.7; L, = 0),
greenhouse gases variable (&@ < 0.8) and ¢ = 300 J/fi s
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Figure 10. Daisyworld response with linear increase solar Inosity (0.75< L <1.7; Ly = 0),
greenhouse gases variable (&@ < 0.8) and ¢ = 3000 J/fK s

Daisyworld and climate variability
The climate variability is now concerned by assugraniinear increase of luminosity
(075< L <1.7) and a sinusoidal variability withy= 0.1 andw = 0.01, as presented in
Figure 11 Besides, it is assumed the following parameigrs:1.79x1G W/m? K*, S =
2.89 x 16 W/m® andc = 3.0 x 10" J/nfK (10%). Note that time scale was changed
from seconds to thousands of years. Results ofléi®/world with climate variability
are compared to those obtained without this vdrgpwith just linear increase of the
luminosity Lo= w = 0). Figure 12presents the temperature evolution of the daisigwvor
showing a comparison between the situation witliegresented by light line) and with

(represented by dark line) climate variabilitthe effect of the greenhouse gases is also
of concern. The left panel presents results withgneenhouse gases while the right
panel considers a situation with greenhouse gd3eth systems present the same
general tendency but the daisyworld with climateialality presents results with
irregular behavior.
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Figure11. Linear luminosity (dark line) and sinusoidal vai@n (light line)

APPLIED ECOLOGY AND ENVIRONMENTAL RESEARCH 11(3):68-490.
http://www.ecology.uni-corvinus.hel ISSN 1589 1623 (Prin® ISSN1785 0037 (Online)
© 2013, ALOKI Kit., Budapest, Hungary



Viola et al.: Nonlinear dynamics and chaos of taisylvorld employed for global warming description
- 474 -

80

60 ﬁH 60

40 -|

T(°C)

40 -|

Y
[T ol

1 . \I"

T(C)

2

o

i A

0

0 T T T T T T T T T T T T T
0 50000 100000 150000 200000 250000 300000 35000C 0 50000 100000 150000 200000 250000 300000 350000

t(103years) t(103years)

@
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Figure 13presents the correspondent evolution of the daogylations for the same
cases. Once again, it should be observed thatttens has an irregular behavior when
climate variability is considered. Chaotic behawbrthe daisyworld was addressed in

different references being a controversial sul(j@atod, 2008).
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Figure 13. Figure 13. Daisy populations evolution with solarinosity linear increase. (a)
Lo=0.0, »=0.0 and G=0; (b) k=0.0, »=0.0 and (0.0< G <0.8); (c) L=0.1 andw=0.01, G=0;
(d) L,=0.1, »=0.01and (0.0 G<0.8)
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The irregular behavior presented in the previousuitions motivates a deeper
dynamical investigation of the daisyworld. Therefort is considered the influence of
some parameters in the system dynamics. The asadyarts with the bifurcation
diagram that presents stroboscopically sampled ¢eabygre values under the slow
quasi-static increase of the constant luminosithisTdiagram demonstrates the
influence of the parameter on system dynamics, sigits global behavior. Initially, it
is assumed tha = 0.21052,Lo= 0.1,w = 0.01 and constant luminosity is varying
from 0.75 to 1.2. Figure 14 presents this bifuaratiliagram that shows regions related
to single points as well as regions associated @ldhd of points. In order to evaluate
the influence of other parameters, different biftien diagrams are plotted, for
different, constant parameters.

45

/

20 ¥

15

Figure 14. Bifurcation diagram varyind (0.75< L < 1.20) withw = 0.01

The influence of frequency parametemay be evaluated by considering bifurcation
diagrams presented Figure 15for different, constant values af. « = 0.05 andw =
0.1. Note that this change can dramatically aliergeneral system dynamics.
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Figure 15. Bifurcation diagram varying_ : (a) ©=0.05 and (b)v=0.1
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The influence of climate variability parameter \akiated by considering different
values of the amplitude of the sinusoidal lumingdif: Lo = 0.1 andL, = 2.0.Figure
16 presents bifurcation diagrams for these situataomd once again, it is clear that the
change of this parameter can dramatically alteistfs@em dynamics. Greenhouse gases
also influence system dynamics and situation witferent values ofG (G = 0.31 and
G = 0.46) are presented Figure 17 Under these conditions, the system tends to be
more regular, accelerating the end of the balarteden life and environment.
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Figure 16. Bifurcation diagram varyingf: (a) Ly=0.05 and (b) k= 2.0
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Figure 17. Bifurcation diagram varying_ : (a) G=0.31 and (b) G = 0.46

The details of the system dynamics are now in fdguevisiting results presented in
Figure 14 Figure 18 presents enlargements of the bifurcation diagramdifferent
ranges of constant luminosity. Note that bifurcatamd chaos occur in the daisyworld
dynamics.
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Figure 18. Bifurcation diagram varyinds . (a) 0.75< L <0.80; (b) 0.8%< L <0.94 and (c)
1.00< L <1.07

Based on these bifurcation diagrams, a detaile@sinyation of the daisyworld
behavior is performed analyzing system responsedifterent sets of parameters,
changing the value oE . Figures 19-33show some of these behaviors presenting the
state space and Poincaré section (left panel) emgdrature time series (right panel).
Let us start by considering a period-2 responsaieét whenL = 0.76. Figure 19
shows this periodic response represented by actloseve in the phase space and by
two points in the Poincaré section. The temperatime series is represented by a

APPLIED ECOLOGY AND ENVIRONMENTAL RESEARCH 11(3):68-490.
http://www.ecology.uni-corvinus.hel ISSN 1589 1623 (Prin® ISSN1785 0037 (Online)
© 2013, ALOKI Kit., Budapest, Hungary



Viola et al.: Nonlinear dynamics and chaos of taisylvorld employed for global warming description
- 478 -

regular pattern that repeats for each period. Balsvior is followed by a chaotic-like
behavior whenL = 0.7629 (Figure 20). This response has a comipédsavior in the
phase space and a cloud of points in the Poincacors. Moreover, it should be
observed an irregular pattern for temperature serees.
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Figure 19. Period-2 response fok = 0.76. State space and Poincaré section (left);
temperature evolution (right)
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By increasing the luminosity td. = 0.7787 (Figure 21), the system presents a
period-8 response that is followed by a period-4emth = 0.78 Figure 22. Both
situations have the same qualitative charactesigiresenting a closed curve in phase
space and a finite number of points in the Poincsétion. The increase of the
luminosity toL = 0.782 induces a new chaotic-like response, rdiffe from the
previous oneKigure 23.
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A sequence of bifurcations occurs uhtiE 0.785 when a period-1 response appears.

In the range between 0.88 and 0.93, quasi-pertzeli@vior emerges as whén= 0.90
(Figure 249. Periodic windows are also present in this raagiean be observed for the

period-3,L = 0.9082 Figure 25 and period-7L = 0.9097 Eigure 2.
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Figure 24. Quasi-periodic behavior fot =0.90. State space and Poincaré section (left);
temperature evolution (right)
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Figure 25. Period-3 behavior foll =0.9082. State space and Poincaré section (left);
temperature evolution (right)

35

L =09097 L= 09097

304

’\ "M‘ rH

- 5 o] IJ W( “\}\} M‘ \“ \“ H l \‘\H\ \‘
i \“ I M ‘W \\‘

Figure 26. Period-7 behavior foll =0.9097. State space and Poincaré section (left);
temperature evolution (right)

APPLIED ECOLOGY AND ENVIRONMENTAL RESEARCH 11(3):68-490.
http://www.ecology.uni-corvinus.hel ISSN 1589 1623 (Prin® ISSN1785 0037 (Online)
© 2013, ALOKI Kit., Budapest, Hungary



Viola et al.: Nonlinear dynamics and chaos of taisylvorld employed for global warming description
-481 -

Afterwards, chaotic-like behavior occurs again as be observed fob = 0.919

(Figure 27 and L = 0.9238 Figure 28. Once again, it is important to observe the
structure of the Poincaré section and also thguteg behavior related to time series.
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Figure 27. Chaotic behavior foll =0.919. State space and Poincaré section (left);
temperature evolution (right)
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In the range between 0.9328 and 1.01 the systeseqienew bifurcations. Fdr =
1.01, a period-1 response occuFEg(re 29. Some bifurcations make the system
increases periodicity reaching a chaotic regiméoad. = 1.02 Figure 30. For L =
1.04, a period-3 response occurgg(re 31) and a chaotic-like response occurs again
forL = 1.05 Figure 32. For values greater than 1.06 the system pregeeried-1
response.
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At this point, it is clear the rich dynamics reldt® the daisyworld. Bifurcations and
chaos are present and the existence of chaoticvisehia of special interest due to
instability issues. The comprovation of this kindb@havior requires the use of some
diagnostic tool. Lyapunov exponents represent dnéhe most acceptable diagnostic
tool of chaos. They measure the local divergencenedrby orbits and a system
containing at least one positive exponent is cbadthere are many possibilities to
evaluate Lyapunov exponents (Franca & Savi, 200812 Here, the algorithm due to
Kantz (1994) is employed to temperature time sergdated to Poincaré map. This
algorithm establishes that the divergence ratedtayies fluctuates along the trajectory,
with the fluctuation given by the spectrum of effee Lyapunov exponents. The
determination of the maximum Lyapunov exponent wukantz algorithm is related to
the slope of the curv§(d) that represents distances as a function of divelame
associated with local divergence.

Figures 33-35presents Poincaré sections and the associatednmaxiLyapunov
exponent for some daisyworld responses. Basictilge different situations are of

concern: period-8 response presentedFigure 21 (L = 0.7787); chaotic response
presented ifrigure 28(L = 0.9238); and other chaotic response presentBdjure 32

(L = 1.05).Figure 33shows a period-8 response for= 0.7787. It should be pointed
out that the Poincaré section is related to 8 poamd the Lyapunov exponent curve
presents a zero-slope curve meaning that the maxiexpponent is null{ = 0).
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Chaotic response is now in focusigure 34 considers the situation where solar
luminosity is (L = 0.9238). Under this condition, the Poincaré sectpresents a
fractal-like structure and the maximum Lyapunova@xgnt is related to a positive slope
(A= 0.28). A different chaotic behavior is presentedrigure 35 associated with a
situation whereL = 1.05. Once again, a fractal-like structure isevbsd in the
Poincaré section and a positive slope confirmssitige maximum Lyapunov exponent

(1 = 0.36).
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Figure 34. Chaotic behavior folL = 0.9238 (same situation presented in Figure 32jinParé
section (left) and respective maximum Lyapunov s (right)
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Chaotic behavior has an intrinsic order and oniésahost remarkable characteristics
is the sensitivity dependence to initial conditioirs this regard, we revisit the three
distinct situations previous analyzed to observis thehavior. period-8 response

presented irFigure 21and 33 ( = 0.7787); chaotic response presenteffigure 28

and34 (L = 0.9238); and other chaotic response presenté&igire 32and35 (L =
1.05). The analysis considers a variation of 1%nitial conditions assuming two
different temperatures: 280K and 282.8K. The ideatd compare both responses
evaluating the system sensitivifyigure 36-38presents this comparison monitoring the
temperature and the daisy populatioRggure 36 presents this comparison for the

period-8 responsel( = 0.7787). As expected for periodic responses, ghrsurbation
does not have significant influence on system nesp@and therefore, temperature and
daisy populations are essentially the same for hbmtkes. By analyzing chaotic
behavior, the influence of this perturbation isteguiifferent. Figure 37 presents the

system response fdr = 0.9238 whileFigure 38 presents response fdr = 1.05. In

both cases, it is possible to observe a significhiférent response for distinct initial
conditions. Nevertheless, it is also important tghhght the stability aspect of the
daisyworld. Although the system has sensitive ddpeoe to initial conditions and
eventually, presents strong divergences due tinthal perturbation, there is a general
tendency to the stability in terms of global belbaviOur argue is based on the
observation that the system response is basidalysame during most of the time,
eventually changing dramatically, but then retugnia the original behavior. Another
aspect that should be pointed out is that the sysésponse fot. = 1.05 Figure 39

presents more dramatic changes when compared ¢e tboL = 0.9238 Figure 37).

This is also expected since the maximum Lyapun@oe&nt for the first case is greater
than the second one and therefore, has greategdivee of nearby orbits.
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Figure 36. Sensitivity to initial conditions: period-8 respenfor L =0.7787 (same situation
presented in Figures 21 and 33)
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Figure 37. Sensitivity to initial conditions: chaotic resporfse L =0.9238 (same situation
presented in Figures 28 and 34)
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Figure 38. Sensitivity to initial conditions: chaotic resporfee L =1.05 (same situation
presented in Figures 32 and 35)

Conclusions

Daisyworld is an archetypal model of the Earth beable to describe the global
regulation that can emerge from the interactiombenh life and environment. In brief,
daisyworld represents life by black and white dgsypulations while the environment
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is represented by temperature. An extra variablata® to greenhouse gases is
incorporated into the model allowing the analydishe global warming. This variable
is prescribed as a time series, being known by spreasurement. Besides, energy
equation is considered in order to investigate siemt phenomena related to
temperature variation. The climate variability issdribed by considering a sinusoidal
variation of the solar luminosity. A general an#@ysf the daisyworld is carried out
analyzing constant and linear increase of the dofaimosity. Afterwards, the influence
of greenhouse gases in the daisyworld dynamicee@dd establishing a comparison
with the classical model. In general, these gased to increase the planet temperature,
accelerating the death of populations and decrgabim capacity of global regulation.
Thermal inertia of the planet is also of concerovahg its influence in the system
response. Results related to climate variabilitpwshrregular pattern that can be
associated with rich responses that include chabaotic behavior of the daisyworld is
investigated and is assured by the estimation afitige Lyapunov exponents. The
sensitive dependence of initial condition is obednfor chaotic responses of the
daisyworld. Nevertheless, it is important to mentihat although the system may
present strong divergences due to the initial pleation, there is a general tendency to
stability in terms of global behavior, which medhat the system response is basically
the same during most of the time, eventually chamgiramatically, but then returning
to the original behavior. Besides, it should behhghted the strong variations of
system response due to parameter perturbationsadthers believe that the proposed
model is useful for a qualitative description o€ tglobal warming phenomenon and
further investigations should be done in orderddigrm a quantitative description.
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